Let D E q (G) denote the diameter of a graph G after deleting any of its q edges, and D V p (G) denote the diameter of G after deleting any of its p vertices. We prove that
Introduction
In the design of large interconnection networks several factors have to be taken into account. A usual constraint is that each processor can be connected to a limited number of other processors and the delays in communication must not be too long. Furthermore, an interconnection network should be fault-tolerant. A lot of work has been done on various aspects of network fault tolerance, see for example the survey [6] and more recent papers [9, 13, 15] . In particular the fault diameter with faulty vertices which was first studied in [11] and the edge fault-diameter has been determined for many important networks recently [7, 8, 12, 14] . In most papers either only edge faults or only vertex faults are considered, while the case when both edges and vertices may be faulty is studied rarely. For example [9, 13] consider Hamiltonian properties assuming a combination of vertex and edge faults. In our recent work on fault-diameter of Cartesian graph products and bundles [2] [3] [4] [5] , analogous results were found for both fault-diameter and edge fault-diameter. However, the proofs for vertex and edge faults in [2] [3] [4] [5] are independent, and our effort to see how results in one case may imply the others was not successful. A natural question remains whether it is possible to design a uniform theory that would enable unified proofs or provide tools to translate results for one type of faults to the other.
It is therefore of interest to study general relationships between invariants under vertex and edge faults. In this paper we define (p, q)-connectivity that generalizes both vertex-and edge-connectivity and
We prove (Theorem 4.7) that for all meaningful values of a and ,
We also give some examples showing that all bounds are tight.
Preliminaries
A simple graph G = (V, E) is determined by a vertex set V = V (G) and a set E = E(G) of (unordered) pairs of vertices, called the set of edges. As usual, we will use the short notation uv for edge {u, v}. For an edge e = uv we call u and v its endpoints. It is convenient to consider union of elements of a graph,
In particular we can write X = X E ∪ X V , where X E ⊆ E(G) and X V ⊆ V (G). Note that in general S(G) \ X may not be a set of elements of a graph. As we need notation for subgraphs with some missing (faulty) elements, we will formally define G \ X, the subgraph of G after deletion of X, as follows:
A walk between x and y is a sequence of vertices and edges v 0 , e 1 
Note that the reverse sequence gives rise to the same subgraph. Hence we use P for a path either from x to y or from y to x. A graph is connected if there is a path between each pair of vertices, and is disconnected otherwise. The connectivity (or vertex-connectivity) of a connected graph G, κ(G), is the minimum cardinality over all vertex-separating sets in G. As the complete graph K n has no vertex-separating sets, we define κ(K n ) = n−1. We say that G is k-connected (or k-vertex connected) for any 0 < k ≤ κ(G). The edge-connectivity of a connected graph G, λ(G), is the minimum cardinality over all edge-separating sets in G. A graph G is said to be k-edge connected for any 0 < k ≤ λ(G). In other words: the edge connectivity λ(G) of a connected graph G is the smallest number of edges whose removal disconnects G, and the (vertex) connectivity κ(G) of a connected graph G (other than a complete graph) is the smallest number of vertices whose removal disconnects G.
It is well known that (see, for example, [1] 
is also k-edge connected. The reverse does not hold in general. Considering the mixed fault-diameters we can also define that G is (p, q)-connected if G remains connected after removal of any p vertices and any q − 1 edges or of any p − 1 vertices and any q edges. Hence (p, q)-connectivity generalizes both vertex-and edge-connectivity. In particular, any graph G is (κ(G), 0)-
The proof is straightforward and we leave it to the reader. 
Edge and vertex fault-diameters
In this section we will compare the edge fault-diameter and the vertex faultdiameter with the same number of edges or vertices deleted.
Note that, intuitively, one may expect
because deleting a vertices in a connected graph always means that at least a edges were deleted. However, this is not the case as the examples below show. From examples it will also follow that the bound of Theorem 3.4 is tight.
We omit the proof because the result follows from the Theorem 4.7 which will be proved later.
We conclude the section with several examples, including Fig. 1 ). 4 Mixed fault-diameter
Example 3.5 For the cycle
C n , n ≥ 3 we have κ(C n ) = λ(C n ) = 2, d(C n ) = n 2 , and D E 1 (C n ) = n − 1, D V 1 (C n ) = n − 2 (for n = 4 see
Example 3.6 For the complete graph
K n , n ≥ 3, clearly κ(K n ) = λ(K n ) = n − 1, d(K n ) = 1, and for each a ≤ n − 2, D E a (K n ) = 2, and D V a (K n ) = 1.
Example 3.8 For the hypercube Q 3 we have κ(Q
Note that by Definition 4.1 the endpoints of edges of set X E can be in X V . In this case we actually get a subgraph of G with a vertices and less then b edges deleted, but it is not difficult to see that the diameter of such subgraph is smaller or equal to the diameter of some subgraph of G where exactly a vertices and exactly b edges are deleted. So the condition that the endpoints of edges of set X E are not in X V is not necessary to be included in Definition 4.1.
Remark 4.2 The mixed fault-diameter D M (p,q) (G) is the largest diameter among diameter of subgraphs of G with q edges and p vertices deleted, hence D
M (0,0) (G) = d(G), D M (0,a) (G) = D E a (G) and D M (a,0) (G) = D V a (G).
Remark 4.3 Let
Proof. Let G be a (p, q)-connected graph. We will show that in any subgraph of G with a vertices and b = 0 edges deleted there is a path between any two vertices of length at most D
For each edge from Y we choose one endpoint, different from u and v. Let Y V ⊆ V (G) be the set of these chosen endpoints. Then |Y V | ≤ as some edges of Y can have pairwise common endpoints. Note that also some of these vertices can be in 
Now we will give an upper bound for the mixed fault-diameter which will give rise to the inequalities involving all tree fault-diameters given in Theorem 4.7.
Proof. First we delete p vertices in a graph G. As we can do that in
ways, there are
, |X| = p} be the family of all these subgraphs.
Each subgraph H ∈ H is at least (q + 1)-connected and by Theorem 3.4
Summarizing the Proposition 4.6 and Corrolary 4.5, we can write the main result of this section There are also graphs where all tree fault-diameters are different. 
